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Abstract

The dynamic response of flexible systems of arbitrary topology and complexity are now readily mod-
eled using multibody dynamics analysis concepts. In most formulations, the joints connecting the flexible
bodies of the system are not modeled per se: only the effect of joints is modeled through a set of kinematic
constraints. This paper focuses on the development of methodologies for the analysis of unilateral contact
conditions in joints and of the resulting normal and friction forces. This involves a host of phenomena
such as: contact kinematics, contact conditions, and the modeling of the normal and tangential contact
forces. Furthermore, the high level of nonlinearity associated with a number of these phenomena implies
challenging numerical issues. Although friction forces can be readily evaluated using Coulomb friction
law, the resulting accuracy is questionable: sticking and slipping can co-exist in different parts of the
contact area, a phenomenon known as micro-slip. Numerous models of friction have been developed and
presented in the literature; application of the LuGre model will be discussed in this paper.

1 Introduction

Multibody dynamics analysis is a powerful tool for the comprehensive simulation of the dynamic response
of flexible systems of arbitrary topology and complexity. In present formulations, the joints connecting the
various flexible bodies are rarely modeled per se. Rather, the effect of joints, i.e. the constraints they impose
on the behavior of the entire system are modeled through a set of kinematic constraints; the piece of hardware
that actually constitutes the joint is not modeled.

As multibody formulations become more widely accepted, the need to model a wider array of phenomena
increases. In particular, it is necessary to develop methodologies for the analysis of unilateral contact
conditions in joints and of the resulting normal and friction forces. For realistic simulations, the actual piece
of hardware and contact mechanics should be modeled more precisely. This involves a host of phenomena such
as: contact kinematics, nonlinear normal contact forces, tangential loading, and sliding contact. Furthermore,
the high level of nonlinearity associated with a number of these phenomena implies challenging numerical
issues. Although friction forces can be readily evaluated from Coulomb friction laws, the resulting accuracy
is questionable. Sticking and slipping can co-exist in different parts of the contact area, a phenomenon known
as micro-slip. The actual relationship between the friction force, the normal pressure and the slip motion
is not well understood. A further complication is that the accurate evaluation of the normal or pressure
forces across the slip plane requires modeling of system dynamics in both normal and slip planes. Hence,
joint behavior and system dynamics are intimately coupled. Finally, friction forces depend on the motion
in a highly nonlinear way, complicating analytical and numerical solution procedures. Numerous models of
friction have been developed and presented in the literature, each addressing some of the above issues.

This paper focuses on the development, implementation and validation of models that capture the behav-
ior of joints in a realistic manner. These models will be presented within the framework of a finite element
based, nonlinear multibody dynamics formulations that ensure unconditional nonlinear stability of the com-
putation for complex systems of arbitrary topology. The proposed approach can be divided into three parts.
First, the modeling of the joint configuration: this purely kinematic part of the problem deals with the
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description of the configuration of the joint and the evaluation of the relative distance, q, and the relative
tangential velocity, v, between the contacting bodies. Second, the enforcement of the contact conditions: in
most cases, contact at the joint will be of an intermittent nature. This unilateral contact condition is readily
expressed in terms of the relative distance as q ≥ 0. The enforcement of the unilateral contact condition is
a critical aspect of the computational procedure. Finally, the evaluation of the contact forces, when contact
occurs: this last part of the problems deals with the computation of the normal and tangential forces that
arise at the interface between contacting bodies. The contact forces must be computed based on suitable
phenomenological laws. A survey of the multibody literature reveals that very simple models have been
used thus far. For instance, the normal contact forces have been modeled using a quadratic potential that
corresponds to a linear force-approach relationship, or the potential corresponding to Hertz’s problem [1].
The classical form of Coulomb’s law has been the basis for the modeling of frictional phenomena [2].

Increasing the versatility and accuracy of unilateral contact models in multibody systems is the focus
of this paper. To achieve this goal, the three parts of the model must be considerably expanded. The
kinematics of the contacting bodies must be generalized so as to allow a variety of joint configurations to
be considered. The proper enforcement of the contact condition is central to the numerical stability of the
proposed procedure. Robust schemes must be used to treat this challenging numerical problem. Finally,
contact and frictional forces must be modeled in an accurate manner. Note that the problem is highly
coupled because contact and frictional forces depend on the overall dynamic response of the system; joint
behavior cannot be investigated without modeling the entire system.

The advantage of the proposed approach is that the three parts of the problem can be formulated and
implemented independently. For instance, once a given friction law has been implemented, it can be used
for various types of joints and for systems of arbitrary configurations. It is also possible to evaluate the
performance of various friction laws for a given joint configuration by comparing their predictions with
experimental measurements. Because the formulation is developed within the framework of finite element
based multibody dynamics, it can deal with systems of arbitrary configurations. This paper is laid out as
follows: section 2 presents the kinematic description of two joints with clearance and the unilateral contact
condition associated with the clearance is discussed in section 3. The modeling of the frictional process is
presented in sections 4 and 5, and numerical examples of the proposed procedure appear in section 6.

2 Kinematic Description of Joints with Clearance

The kinematic description of joints with clearance will be divided into two- and three-dimensional models.
For two-dimensional problems, a revolute joint with clearance, called the planar clearance joint, is viewed
as a planar joint with a unilateral constraint. The clearance, or distance between the inner and outer
races, can be evaluated from the kinematic variables associated with the planar joint. A similar approach
can be applied to spherical joints with clearance. In the three-dimensional case, a spatial clearance joint is
developed; the clearance can still be related to the kinematic variables of the joint, although this relationship
is more complex.

2.1 The Planar Clearance Joint

A revolute joint with clearance can be modeled as a planar joint with the appropriate addition of a unilateral
contact condition. Consider the planar joint depicted in fig. 1; the outer and inner races of the joint
are modeled as bodies K and L, respectively. In the reference configuration, the position of body K is
defined by its position vector uk0 and its orientation is determined by a body attached orthonormal basis
Bk
0 =

(
ēk10, ē

k
20, ē

k
30

)
, with ēk30 normal to the plane of joint and the over bar indicates a unit vector. The

radius of the outer race is denoted ρk. In the deformed configuration, body K undergoes a displacement uk

and its orientation is defined by an orthonormal basis Bk =
(
ēk1 , ē

k
2 , ē

k
3

)
. The kinematic variables associated

with body L, which represents the inner race of the revolute joint, are defined in a similar manner. The
planar joint is associated with the following constraint conditions

C1 = ēℓT1 ēk3 = 0; C2 = ēℓT2 ēk3 = 0; C3 = ēkT3 (u0 + u) = 0, (1)

where u0 = uℓ0 − uk0 and u = uℓ − uk. Kinematic condition C3 = 0 implies that body L remains in the plane
normal to ēk3 . Conditions C1 = C2 = 0 imply that ēℓ3 remains normal to that same plane. The implementation
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of the holonomic constraints, eqs. (1), is discussed in ref. [3].
Contact may occur between the inner and outer races of the joint. As shown in fig. 1, the candidate

contact points [2] are readily found as Zk = uk0+u
k+ρkn̄ and Zℓ = uℓ0+u

ℓ+ρℓn̄, where n̄ = (u0+u)/∥u0+u∥
is the unit vector joining the centers of the two races. The relative distance between the races then becomes

q = n̄T (Zk − Zℓ) = ρk − ρℓ − ∥u0 + u∥. (2)

The virtual work done by the normal contact force is δW = fnn̄T δ(Zk −Zℓ) = fnn̄T δ(uk − uℓ) = fnδq,
where fn is the magnitude of the normal contact force. Expanding this result yields

δW =

[
δuk

δuℓ

]T
Fn =

[
δuk

δuℓ

]T
fn

[
n̄
−n̄

]
. (3)

The present formulation is developed within the framework of the time discontinuous Galerkin proce-
dure [4] that provides algorithms for the integration of multibody systems featuring unconditional nonlinear
stability [3]. In this approach, the discretization of the system is based on its configurations at the beginning
and end times of a typical time step, denoted ti and tf , respectively, and the subscripts (·)i and (·)f denote
the values of a quantity at ti and tf , respectively. In addition, the subscript (·)j indicates quantities at time
tj , immediately after the initial discontinuity. The normal contact force is taken to be constant over a time
step and is discretized as

Fn
m = fnm

[
nm
−nm

]
, (4)

where um = (uf + ui)/2, nm = 2(u0 + um)/(∥u0 + uf∥+ ∥u0 + ui∥), and fnm the constant magnitude of the
contact force over the time step. Note that the discretization of the contact force does not involve discretized
quantities at time tj ; this contrasts with the discretization of the elastic forces in the flexible elements of the
model that does involve the discretized quantities at time tj [3], resulting in a linear in time approximation
for these forces. For contact problems, it was found to be preferable to use constant in time approximations
for the normal and tangential components of the contact force. It is readily verified that this discretization
implies that the work done by the normal contact force over a time step is ∆W = fnm(qf − qi).

Next, the friction forces will be evaluated. The time derivatives of the candidate contact point positions

are Ż
k
= u̇k + ρkω̃kn̄ and Ż

ℓ
= u̇ℓ + ρℓω̃ℓn̄, where ()· denotes a derivative with respect to time, and ωk and

ωℓ are the angular velocity vectors of bodies K and L, respectively. The relative velocity is V r = Ż
ℓ − Ż

k
,

and the relative tangential velocity, V t, then becomes

V t = PV r, (5)

where P = U − n̄n̄T is the operator that projects the relative velocity vector onto the common tangential
plane at the point of contact; U is the identity matrix. The unit vector along the relative tangential
velocity is denoted ē = V t/V t, where V t = ∥V t∥. The virtual work done by the friction force is δW =
−f tēT (δZℓ − δZk), where f t is the magnitude of the frictional force. Expanding this expression yields

δW =


δuk

δψk

δuℓ

δψℓ


T

F t =


δuk

δψk

δuℓ

δψℓ


T

f t


ē

ρkñē
−ē

−ρℓñē

 . (6)

The discretized friction force is selected as

F t
m = f tm


ēm

ρkñmēm
−ēm

−ρℓñmēm

 , (7)

where f tm is the constant magnitude of the tangential contact force over the time step. The work done by the
friction forces over a single time step then becomes ∆W = −f tm∆tV t

m, provided the following definitions are
made: V t

m = (U−nmnTm)V r
m, ēm = V t

m/V
t
m and ∆tV r

m = (uf −ui)+ρℓñTmrℓ−ρkñTmrk, where rk and rℓ are
the incremental rotations of bodies K and L, respectively. If the friction is dissipative, f t∆tV t ≥ 0, and the
above discretization guarantees that ∆W = −f tm∆tV t

m ≤ 0, i.e. the discretization of the frictional process
is dissipative. Note that the formulation presented here is also valid for a spherical joint with clearance.
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2.2 The Spatial Clearance Joint

When the motion of the joint cannot be assumed to remain planar, a more complex, three-dimensional
configuration must be considered, such as that presented in fig. 2. The outer race of the joint, denoted body
K, is idealized as a cylinder of radius ρk. The inner race, denoted body L, is idealized as a thin disk of
radius ρℓ. In the reference configuration, the position of the outer race is defined by the position vector uk0
of its center and its orientation is determined by a body attached orthonormal basis Bk

0 =
(
ēk10, ē

k
20, ē

k
30

)
,

with ēk30 along the axis of the cylinder. In the deformed configuration, the outer race center undergoes a
displacement uk and its orientation is defined by an orthonormal basis Bk =

(
ēk1 , ē

k
2 , ē

k
3

)
. The kinematic

variables associated with body L are defined in a similar manner, with ēℓ30 normal to the plane of the disk.
An orthonormal basis d̄k1 , d̄

k
2 , d̄

k
3 is now defined in the following manner: d̄k3 = ēk3 is along the axis of the

cylinder, d̄k1 makes an arbitrary angle ϕ with ēk1 , and d̄
k
2 completes the basis

d̄k1 = cosϕ ēk1 + sinϕ ēk2 ; d̄k2 = − sinϕ ēk1 + cosϕ ēk2 ; d̄k3 = ēk3 . (8)

Consider now the plane tangent to the cylinder, defined by vectors d̄k2 and d̄k3 , as depicted in fig. 3. Point P,
of position vector uk0 + uk + ρk d̄k1 , belongs to this plane.

The relative distance q̄ between disk L and this tangent plane is now evaluated. The candidate contact
points on the plane and disk are denoted Zk and Zℓ, respectively, see fig. 3. The tangent to the disk at the
candidate contact point must be in the plane of the disk and parallel to the contacting plane, i.e. normal to
ēℓ3 and d̄k1 , respectively. The following basis is now defined

d̄ℓ2 = − d̃
k
1 ē

ℓ
3

h1
; d̄ℓ3 = ēℓ3; d̄ℓ1 = d̃ℓ2 ē

ℓ
3, (9)

where h1 = ∥d̃k1 ēℓ3∥. Clearly, d̄ℓ2 is parallel to the tangent at the candidate contact point, d̄ℓ1 points toward
the candidate contact point, and d̄ℓ3 is normal to the plane of the disk. The vector from point P to point Zℓ

is
PZℓ =

[
(uℓ0 + uℓ) + ρℓ d̄ℓ1

]
−
[
(uk0 + uk) + ρk d̄k1

]
= u0 + u+ ρℓ d̄ℓ1 − ρk d̄k1 , (10)

where u0 = uℓ0 − uk0 , and u = uℓ − uk. The relative distance q̄ is found by projecting PZℓ along the unit
vector −d̄k1 , see fig. 3, to find

q̄ = −d̄kT1 PZℓ = −d̄kT1 (u0 + u)− ρℓ d̄kT1 d̄ℓ1 + ρk. (11)

As shown in fig. 3, the candidate contact point Zk is in the tangent plane, but not necessarily on the
cylindrical surface defining the outer race of the joint. The relative distance q̄ defined by eq. (11) is clearly
a function of the angle ϕ that defines the location of the tangent plane around the cylinder. The relative
distance q between the cylinder and disk is found by minimizing q̄ with respect to the choice of ϕ, i.e. by
setting dq̄/dϕ = 0 to find

d̄kT2 [ρℓ
g1
h1

ēℓ3 − (u0 + u)] = 0, (12)

where g1 = ēℓT3 d̄k1 . Note that for small angles g1 ≈ 0 and h1 ≈ 1. The same result could be obtained by
imposing the condition that PZℓ be orthogonal to d̄k2 . In summary, the relative distance between the inner
and outer races of the joint is

q = ρk − ρℓh1 − d̄kT1 (u0 + u), (13)

where h1 = ∥d̃k1 ēℓ3∥ = d̄kT1 d̄ℓ1, and angle ϕ is implicitly defined by eq. (12).
If contact occurs, the virtual work done by the normal contact force is δW = fnd̄kT1 δ(Zk − Zℓ) =

fnd̄kT1 δ(qd̄k1) = fnδq, where fn is the magnitude of the normal contact force. Expanding this result yields

δW =


δuk

δψk

δuℓ

δψℓ


T

Fn =


δuk

δψk

δuℓ

δψℓ


T

fn


d̄k1
(ρℓg1/h1) h1 − d̃k1(u0 + u)
−d̄k1
−(ρℓg1/h1) h1

 , (14)
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where h1 = d̃k1 ē
ℓ
3. The proposed discretization of the normal contact force, taken to be constant over a time

step, is

Fn
m = fnm


dk1m
(ρℓg1m/h1m) h1m − d̃k1m(u0 + um)

−dk1m
−(ρℓg1m/h1m) h1m

 , (15)

where dk1m = (d̄k1f + d̄k1i)/2, e
ℓ
3m = (ēℓ3f + ēℓ3i)/2, h1m = d̃k1me

ℓ
3m, h1m = (h1f + h1i)/2, g1m = (g1f + g1i)/2,

and fnm is the constant magnitude of the contact force over the time step. It is readily verified that this
discretization implies that the work done by the normal contact force over a time step is ∆W = fnm(qf − qi).

Next, the friction forces will be evaluated. The time derivatives of the candidate contact point positions

are Ż
k
= u̇k + ω̃kλ and Ż

ℓ
= u̇ℓ + ρℓω̃ℓd̄ℓ1, where λ = (u0 + u) + ρℓd̄ℓ1 + qd̄k1 . The relative velocity is

V r = Ż
ℓ − Ż

k
, and the relative tangential velocity, V t, then becomes

V t = PV r, (16)

where P = U − d̄k1 d̄
kT
1 is the operator that projects the relative velocity vector onto the common tangential

plane at the point of contact. The unit vector along the relative tangential velocity is denoted ē = V t/V t,
where V t = ∥V t∥. The virtual work done by the friction force is δW = −f tēT (δZℓ − δZk), where f t is the
magnitude of the frictional force. Expanding this expression yields

δW =


δuk

δψk

δuℓ

δψℓ


T

F t =


δuk

δψk

δuℓ

δψℓ


T

f t


ē

λ̃ē
−ē

−ρℓd̃ℓ1ē

 . (17)

The discretized friction force is selected as

F t
m = f tm


ēm

λ̃mēm
−ēm

−ρℓd̃ℓ1mēm

 , (18)

where f tm the constant magnitude of the contact force over the time step. The work done by the friction
forces over a single time step then becomes ∆W = −f tm∆tV t

m, provided the following definitions are made:

V t
m = (U − dk1md

kT
1m)V r

m, ēm = V t
m/V

t
m and ∆tV r

m = (uf − ui) + ρℓd̃ℓT1mr
ℓ − λ̃Tmr

k, where rk and rℓ are the
incremental rotations of bodies K and L, respectively. If the friction is dissipative, f t∆tV t ≥ 0, and the
above discretization guarantees that ∆W = −f tm∆tV t

m ≤ 0, i.e. the discretization of the frictional process is
dissipative. A realistic model of a journal bearing with clearance is obtained by using two spatial clearance
joints connected by a rigid body, as depicted in fig. 4.

3 The Unilateral Contact Condition

The approaches to the modeling of unilateral contact conditions can be categorized in two main classes. The
first one considers impact to be an impulsive phenomenon of null duration [5, 6, 7]. The configuration of the
system is “frozen” during the impact, and an appropriate model is used to relate the states of the system
immediately before and immediately after the event. There are two alternative formulations of this theory:
Newton’s and Poisson’s methods. The first relates the relative normal velocities of the contacting bodies
through the use of an appropriate restitution coefficient. The second divides the impact into two phases. At
first, a compression phase brings the relative normal velocity of the bodies to zero through the application
of an impulse at the contact location. Then, an expansion phase applies an impulse of opposite sign. The
restitution coefficient relates the magnitudes of these two impulses. Although these methods have been used
with success for multibody contact/impact simulations, it is clear that their accuracy is inherently limited
by the assumption of a vanishing impact duration.
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In the second approach, contact/impact events are of finite duration, and the time history of the resulting
interaction forces is computed as a by-product of the simulation [8, 9, 10]. This is achieved by introducing a
suitable phenomenological law for the contact forces, usually expressed as a function of the inter-penetration,
or “approach,” between the contacting bodies. This approach is obtained at each instant of the simulation by
solving a set of kinematic equations that also express the minimum distance between the bodies when they are
not in contact, such as eqs. (2) or (13). When the bodies are in contact, the relationship between the normal
contact force and the approach is given by a constitutive law; various laws can be used, but the classical
solution of the static contact problem presented by Hertz [1] has been implemented by many investigators.
Energy dissipation can be added in an appropriate manner, as proposed by Hunt and Crossley [11]. If the
normal contact forces can be derived from a potential, V (q), the work done by these forces over a time step
of the simulation is ∆W = fnm(qf − qi), as implied by the time discretizations proposed in eqs. (4) and (15).
The work done by these forces then becomes ∆W = V (qf ) − V (qi), as expected, if the normal forces are
discretized as fnm = (V (qf )− V (qi))/(qf − qi)

To be successful, the approach described above must be complemented with a time step size selection
procedure. When contact between the two bodies is about to take place, the contact model will dictate the
time step for the analysis. Let q0 and q1 be the relative distances between the bodies for two consecutive time
steps of size ∆t0 and ∆t1, respectively. To avoid large penetration distances and the ensuing large normal
contact forces at the first time step after contact, the time step size will be selected so that the change in
relative distance, ∆q = q1 − q0, be of the order of a user defined “characteristic penetration distance,” εp.
To achieve this goal, the desired change in relative distance is selected as

∆q = εp

{
1 if κ ≤ 1
κα if κ > 1

, (19)

where the quantity κ, defined as κ = (q1/εp)/q̄min, measures the proximity to contact. The desired time step
size is then estimated as

∆tnew =
∆q

vm
, (20)

where vm is the average relative velocity during the previous time step, vm = 2 (q1 − q0)/(∆t0 +∆t1). The
following values were found to give good results for a wide range of problems: q̄min = 5 and α = 1.2.

It is important to note that the success of the present approach hinges upon two features of the model:
the local flexibility of the contacting bodies and time adaptivity. If the contacting bodies are assumed to
be rigid, the contact forces present a discontinuity at the instant of contact that causes numerical problems
during the simulation. Taking local flexibility into account transforms the discontinuous force into a force
with steep time gradients that are then resolved using time adaptivity. This contrasts with “event driven”
computational strategies that first involve the determination of the exact time of contact, then a different
set of governing equations is used when the bodies are in contact. If several contacts occur simultaneously,
the complementarity principle is then a very effective solution strategy [2]. The choice between these two
contrasting approaches is one based on computational considerations. For instance, the even driven approach
is effective when dealing with systems of rigid bodies featuring multiple contacts; the complementarity
principle then gives an elegant solution to an otherwise untractable problem. On the other hand, when
dealing with systems modeled with finite element techniques, the approach proposed here seems to be more
effective.

4 Modeling the Frictional Process

The detailed modeling of frictional forces poses unique computational challenges that will be illustrated using
Coulomb’s law as an example. When sliding takes place, Coulomb’s law states that the friction force, F f ,
is proportional to the magnitude of the normal contact force, fn, F f = −µk(v) f

n v/v, where µk(v) is the
coefficient of kinetic friction and v the magnitude of the relative velocity vector tangent to the friction plane,
v. If the relative velocity vanishes, sticking takes place. In this case, the frictional force is |F f | ≤ µs f

n,
where µs is the coefficient of static friction.

Application of Coulomb’s law involves discrete transitions from sticking to sliding and vice-versa, as
dictated by the vanishing of the relative velocity or the magnitude of the friction force. These discrete
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transitions can cause numerical difficulties that are well documented, and numerous authors have advocated
the use of a continuous friction law [12, 13, 14, 10], typically written as

F f = −µk(v) f
n v

v
(1− e−|v|/v0), (21)

where (1 − e−|v|/v0) is a “regularization factor” that smoothes out the friction force discontinuity and v0 a
characteristic velocity usually chosen to be small compared to the maximum relative velocity encountered
during the simulation. The continuous friction law describes both sliding and sticking behavior, i.e. it
completely replaces Coulomb’s law. Sticking is replaced by “creeping” between the contacting bodies with a
small relative velocity. Various forms of the regularizing factor have appeared in the literature; a comparison
between these various models appears in [15].

Replacing Coulomb’s friction law by a continuous friction law is a practice widely advocated in the
literature; however, this practice presents a number of shortcomings [16]. First, it alters the physical behavior
of the system and can lead to the loss of important information such as abrupt variations in frictional forces;
second, it negatively impacts the computational process by requiring very small time step sizes when the
relative velocity is small; and finally, it does not appear to be able to deal with systems presenting different
values for the static and kinetic coefficients of friction.

In reality, frictional forces do not present the discontinuity described by Coulomb’s law but rather, a
velocity dependent, rapid variation. The regularization factor discussed above smoothes the discontinuity
through a purely mathematical artifact that makes no attempt to more accurately represent the physical
processes associated with the friction phenomenon. On the other hand, physics based models address the
behavior of the frictional interface under small relative velocity. Typically, these micro-slip models allow small
relative displacements to take place during “sticking;” the frictional interface then behaves like a very stiff
viscous damper. Of course, such models are incapable of capturing the tangential stiffness of the joint during
micro-slip. The most common micro-slip model is the Iwan model [17], also named elastic-perfectly plastic
model [18]. In this approach, the frictional interface is modeled as a spring in series with a Coulomb friction
element featuring a friction force of magnitude µfn. When the force in the spring reaches this magnitude,
the force in the Iwan model saturates until the direction of slip reverses. An alternative approach to the
treatment of micro-slip involves modification of the friction law itself.

Over the years, several friction models have been proposed that more accurately model various physical
aspects of the friction process, such as the Valanis model [19]. Dahl [20] proposed a differential model able to
emulate the hysteretic force-displacement behavior that characterizes micro-slip. The primary shortcoming
of the Dahl model is that it does not include the dependence of the friction coefficient on slip velocity. In
particular, it does not capture the rapid decrease in the friction coefficient as the interface begins to slip.
Since this drop is a major contributor to stick-slip oscillations, its omission could be a major drawback in its
application to joint dynamics. More recently, Canudas de Wit et al. have proposed the LuGre model [21]
that is based on a phenomenological description of friction. This model is able to capture experimentally
observed phenomena such as pre-sliding displacements, the hysteretic relationship between the friction force
and the relative velocity, the variation of the break-away force as a function of force rate, and stick-slip
motion associated with the Stribeck effect. The LuGre model has further been refined by Swevers et al. [22]
and Lampaert et al. [23].

5 The LuGre Friction Model

The state of the art in friction modeling was advanced using the paradigm of intermeshing “bristles” to
explain the friction forces between two contacting bodies [24]. The bristle model captures micro-slip and
also accounts for the drop in friction force as the sliding speed is increased. However, according to its authors,
the model is computationally burdensome. One of the more promising friction models developed from the
bristle paradigm is the LuGre model [21], which captures the variation in friction force with slip velocity,
making it a good candidate for studies involving stick-slip oscillations. Also, when linearized for very small
motions, the LuGre model is shown to be equivalent to a linear spring/damper arrangement.

The LuGre model is an analytical friction model summarized by the following two equations.

µ = σ0z + σ1
dz

dt
+ σ2v; (22)
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dz

dt
= v − σ0|v|

µk + (µs − µk)e−|v/vs|γ
z. (23)

The first equation predicts the instantaneous friction coefficient µ as a function of the relative velocity, v,
of the two contacting bodies and an internal state of the model, z, that represents the average deflection
of elastic bristles whose interactions result in equal and opposite friction forces on the two bodies. The
second equation is an evolution equation for the average bristle deflection. The coefficients σ0, σ1, and σ2
are parameters of the model; µs and µk are the static and kinetic friction coefficients, respectively; vs the
Stribeck velocity; and γ a final model parameter which is often selected as γ = 2. The friction force acting
between the bodies is then

ff = µfn, (24)

where fn is the normal contact force.
For convenience, the model is now rewritten in nondimensional form as

µ̂ = (1− β̂σ̂1)ẑ + (σ̂1 + σ̂2)v̂; (25)

˙̂z = v̂ − β̂ẑ, (26)

where µ̂ = µ/µk, v̂ = v/vs, ẑ = σ0z/µk, σ̂1 = σ1vs/µk and σ̂2 = σ2vs/µk. The nondimensional time is
τ = Ωt, where

Ω =
σ0vs
µk

(27)

is the inverse of the time constant of the LuGre model. The notation ()· indicates a derivative with respect

to this nondimensional time. Finally, β̂ = |v̂|/ĝ(v̂), where

ĝ(v̂) = 1 + (µs/µk − 1)e−|v̂|γ . (28)

The evolution equation of the LuGre model, eq. (26), will be discretized in the following manner, based on
a time discontinuous Galerkin procedure [4],

zf − zi
∆τ

+ βg
zf + zj

2
= vg,

zj − zi
∆τ

− βg
zf − zj

6
= 0, (29)

where, for simplicity, the hat was dropped from all symbols. The subscript ()g indicates the following average
()g = 1/2(()f+()j). Note the presence of quantities at time tj that will bring about the numerical dissipation
required for the simulation of the frictional process.

5.1 Properties of the Proposed Discretization

For steady state solutions zf = zj = zi = zss, eq. (29b) is identically satisfied, whereas eq. (29a) implies
βsszss = vss, which can be written as |v|ss(svssszss − |z|ss/g(vss)) = 0, where svss = sign(vss) and szss =
sign(zss). The first solution of this equation is |v|ss = 0, which corresponds to sticking. The second is
|z|ss = g(vss) with svssszss = 1, corresponding to steady state sliding. For large sliding velocity, g(vss) ≈ 1,
and hence, |z|ss ≈ 1.

The discretization also implies an important evolution law for the strain energy of the bristles. This
evolution law is obtained by summing up eqs. (29a) and (29b) multiplied by (zf + zj)/2 and −(zf − zj)/2,
respectively, to yield

Vf − Vi
∆τ

= −|z|g|v|g(
|z|g
g(vg)

− svgszg )−
1

2∆τ
(1 +

6

βg∆τ
)(zj − zi)

2, (30)

where V = 1/2 z2 is the nondimensional strain energy stored in the bristles. The second term of the
evolution law, eq. (30), is a numerical dissipation term that is always negative. As the time step decreases,
zj → zi as implied by the time discontinuous Galerkin approximation, and the numerical dissipation vanishes.
The first term is negative whenever svgszg = −1, or when svgszg = 1 and |z|g/g(vg) > 1. In summary,
(Vf − Vi)/∆τ < 0 when |z|g > g(vg). This implies the decreasing of the strain energy of the elastic bristles
whenever |z|g > g(vg). Since the strain energy is a quadratic form of the bristle average deflection, this implies
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the decreasing of the bristle deflection under the same conditions. Consequently, the bristle deflection must
remain smaller than the upper bound of g(vg), which, in view of eq. (28), is equal to µs/µk. It follows that
|z|g < µs/µk. This inequality implies the finiteness of the bristle deflection and of its strain energy.

The discretizations of the friction forces for the clearance joints proposed in this work, eqs. (7) and (18),
imply that the work done by the friction force over one time step is ∆W = −f tm∆tV t

m = −µgf
n
g ∆tvg;

introducing eq. (25) then yields

σ0∆W

µ2
k∆τf

n
g

= − [(1− βgσ1)zg + (σ1 + σ2)vg] vg. (31)

With the help of eq. (30), this work can be expressed as

σ0∆W

µ2
k∆τf

n
g

= −σ2v2g −
z2g
g(vg)

|v|g −
Vf − Vi
∆τ

− σ1

(
1− |z|g

g(vg)
svg

szg

)
v2g

− 1

2∆τ
(1 +

6

βg∆τ
)(zj − zi)

2. (32)

The first two terms are always dissipative, with the second term corresponding to the main energy dissipation
during sliding. The third term corresponds to the change in the potential of the elastic deformation of the
bristles. Although this term can be positive or negative, it is finite since the potential is, itself, finite. As
discussed earlier, when |z|g > g(vg), (Vf − Vi)/∆τ < 0 and the potential energy of the bristle deflection
is released to the system. Under a similar condition, svgszg = 1 and |z|g > g(vg), the fourth term also
becomes positive. Clearly, the third and fourth terms are non-dissipative only when the potential of the
elastic bristles is released. As discussed earlier, this potential is finite and increases in its value stem from
work done against friction forces; it is this very work that could be released at a later time. Finally, the
last term is a numerical dissipation term. Note that as the time step size is decreased, (zj − zi)

2 rapidly
decreases, and the numerical dissipation vanishes. In summary, the proposed discretization of LuGre model
guarantees the dissipative nature of the friction forces, when combined with the proposed discretizations for
the friction forces, eqs. (7) and (18).

To be successful, the approach described above must be complemented with a time step size selection
procedure. When friction occurs, the friction model will dictate the time step for the analysis. In view of
the rapid variation of the function g(v) for small relative velocities, the time step size must be reduced when
the relative velocity is of the order of the Stribeck velocity vs. To achieve this goal, the time step size for
the next time step is selected as

Ω∆tnew = ∆τmin

{
1 if ν ≤ 1
να if ν > 1

, (33)

where Ω, given by eq. (27), is the inverse of the time constant of the LuGre model and the quantity ν,
defined as ν = (Vr/vs)/(v̂min), measures the smallness of the relative velocity. The existence of a time
constant, 1/Ω, associated with the friction process as described by the LuGre model, enable a rational time
adaptivity strategy. The following values of the parameters give good results for a wide range of problems:
∆τmin = 0.02, v̂min = 5, and α = 1.2.

Here again, the success of the present approach hinges upon two features of the model: the physics based
model of the friction force between the contacting bodies and time adaptivity. The discontinuous friction force
implied by Coulomb’s law is replaced by a force with steep time gradients that are then resolved using time
adaptivity. This contrasts with “event driven” computational strategies that first involve the determination
of transition times (from stick to slip or slip to stick), then different sets of governing equations are used
depending on the specific friction regime. The complementarity principle can also be used to formulate
friction problems [2]. When dealing with systems modeled with finite element techniques, the approach
proposed here seems to be more effective because it involves a single set of governing equations for all
friction regimes and furthermore, the unconditional stability of the integration process can be guaranteed
based on energy arguments.
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6 Numerical Examples

Two examples will be studied in this section. The same contact and friction models were used for both
examples. A linear spring of stiffness constant k = 15 MN/m was used for the contact model. The parameters
for the time adaptivity algorithm, eq. (20), are: εp = 3.0 10−6 m, q̂min = 5, and α = 1.2. The LuGre model
was used to model the friction phenomena with the following parameters: σ0 = 105 m−1, σ1 = σ2 = 0 s/m,
vs = 10−3 m/s, µk = µs = 0.30, and γ = 2.

6.1 The Spatial Mechanism

The spatial mechanism depicted in fig. 5 consists of crank of length La = 0.2 m connected to the ground
at point S by means of a revolute joint that allows rotation about an axis parallel to ı̄1. The motion of
the crank is prescribed as θ = Ωt, where Ω = 20 rad/s. At point P, the crank connects to a flexible link
of length Lb = 1 m through a universal joint that allows rotations about axes ı̄2 and ı̄3. The other end of
the link attaches to a spherical joint at point Q. In turns, this joint connects a to prismatic joint of mass
mQ = 5 kg that allows relative displacements along axis ı̄1. Finally, this prismatic joint is attached to a
flexible beam, cantilevered at point O. The physical properties of the flexible beam are: bending stiffnesses,
I22 = I33 = 23 kN·m2, torsional stiffness, GJ = 18 kN·m2, and mass per unit span, m = 1.6 kg/m; those
of the link are: bending stiffnesses, I22 = I33 = 12 kN·m2, torsional stiffness, GJ = 9 kN·m2, and mass per
unit span, m = 0.85 kg/m; finally, the sectional properties of the crank are: bending stiffnesses, I22 = 23.2,
I33 = 29.8 kN·m2, torsional stiffness, GJ = 28 kN·m2, and mass per unit span, m = 1.6 kg/m.

Two cases will be contrasted in this example; for case 1, the spherical joint at point Q is treated as a
kinematic constraint, whereas in case 2, the same spherical joint features the clearance model described in
section 2.1 with ρk = 50 and ρℓ = 49.5 mm. For case 1, the simulation was run at a constant time step of
∆t = 10−3 s; for case 2, the time adaptivity algorithms were used. Simulations were run for a total of six
revolutions of the crank to obtain a periodic solution, and results will be presented for the fifth revolution
of the crank.

The relative tangential velocity at the clearance joint is shown in fig. 6 for case 2. Note the several
occurrences of nearly vanishing relative velocities at crank angular positions from 150 to 250 degrees. The
resulting frictional force is shown in fig. 7. Note that at crank angle of about 275 degrees, contact in the
joint is lost and the frictional force vanishes. This intermittent contact behavior, coupled with the elastic
response of the system, creates rapid variations in the normal contact force that are reflected in the friction
force. Fig. 8 shows the time history of the root forces in the beam at point O. Whereas the overall responses
for cases 1 and 2 are qualitatively similar, it is clear that the strong variations in both normal and tangential
contact forces excite the elastic modes of the system, resulting in full coupling between the dynamic response
of the system and the behavior of the contact forces. The same comments can be made concerning the link
mid-span forces shown in fig. 9; the oscillatory component of the stresses would strongly impact the fatigue
life of these structural components. Finally, the implication of the varying relative velocity on the time step
size used in the simulation is evident in fig. 10; clearly, for this problem, the time step size for the simulation
is driven by the friction model. The parameters associated with the time step size control algorithm for
friction, eq. (33), are: ∆τmin = 5.0 10−4, v̂min = 5, and α = 1.5.

6.2 The Supercritical Rotor

The simple rotor system depicted in fig. 11 features a flexible shaft of length Ls = 6 m with a mid-span
rigid disk of mass md = 5 kg and radius Rd = 15 mm. The shaft is a thin-walled, circular tube of mean
radius Rm = 50 mm and thickness t = 5 mm; its sectional properties are: bending stiffnesses, I22 = 28.2
and I33 = 28.7 kN·m2, torsional stiffness, GJ = 22.1 kN·m2, and mass per unit span, m = 0.848 kg/m.
The center of mass of the shaft is located at a 1 mm offset from its geometric center. At point R, the shaft
is connected to the ground by means of a revolute joint; at point T, it is supported by a spatial clearance
joint. The radius of the cylinder is ρk = 80.8 mm and that of the disk is ρℓ = 80 mm. At first, the natural
frequencies of the shaft were computed and the first critical speed zone was found to correspond to shaft
angular speeds Ω ∈ [44.069, 44.453] rad/s.
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The system is initially at rest and a torque is applied at point R with the following schedule

Q(t) = Q0

{
(1− cos 2πt) t ≤ ts
(1− cos 2πts) t > ts

,

where Q0 = 0.825 N·m and ts = 0.93 s. The time history of the resulting angular velocity of the shaft is
depicted in fig. 12 which also indicates the unstable region. After 2 s, the rotor has crossed the unstable
region of operation and stabilizes at a supercritical speed of about 50 rad/sec. The trajectory of the mid-
span point M is shown in fig. 13. Since the shaft must first cross the unstable operation zone, the trajectory
first spirals away from the axis of rotation of the shaft, as expected. Once the unstable zone is crossed,
the shaft regains equilibrium and due to the friction in the spatial clearance joint, the amplitude of the
motion decreases. Since in supercritical operation the shaft is self centering, a displacement of about 1 mm
(corresponding to the center of mass offset) is expected for point M. The time history of the normal contact
force is depicted in fig. 14; large contact forces are generated as the shaft crosses the unstable zone, however,
while regaining stability, intermittent contact episodes are observed, 2.1 and 2.6 s into the simulation. When
contact is restored, large impact forces are experienced, up to about 100 N, i.e. an order of magnitude
larger than those observed during the continuous contact regime. In supercritical operation, the contact
force decreases to smaller levels. Similar behavior is observed in fig. 15 that depicts the bending moments at
the root of the shaft. The parameters associated with the time step size control for friction, eq. (33), were
selected as: ∆τmin = 0.1, v̂min = 500, and α = 1.2.

In this example, the relative velocity at the spatial clearance joint always remains much larger than the
Stribeck velocity, and hence, application of Coulomb’s law would probably give satisfactory results. On
the other hand, the first example presents numerous stick-slip transitions: the relative velocity at the joint
vanishes numerous times at each revolution of the crank. These two examples show that the proposed
approach to the modeling of friction forces by means of the LuGre model is capable of dealing the various
regimes of friction. In the case of high relative velocity, the computational cost associated with the LuGre
model is minimum, because its use has no impact on the required time step size, on the other hand, when
low relative velocities imply stick slip events, the proposed approach still perform well, although small time
step sizes are required.

7 Conclusions

The present paper has proposed an approach to increase the versatility and accuracy of unilateral contact
models in multibody systems. Two joint configurations were developed, the planar and spatial clearance
joints that can deal with typical configurations where contact and clearance are likely to occur. More general
configurations could be developed based on the same principles. The kinematic analysis of the joint yields two
important quantities: the relative distance between the bodies that drives the intermittent contact model
and the relative tangential velocity that drives the friction model. An arbitrary contact force-approach
relationship can be used for the contact model. For the friction model, the use of the LuGre model was
proposed in this work. This physics based model is capable of capturing a number of experimentally observed
phenomena associated with friction. From a numerical stand point, it eliminates the discontinuity associated
with Coulomb’s friction law. Discretizations were proposed for both normal contact and friction forces that
imply an energy balance for the former and energy dissipation for the latter. When combined with the energy
decaying schemes used in this effort, these properties of the discretizations guarantee the nonlinear stability
of the overall numerical process. The numerical simulations rely on time step adaptivity; simple, yet effective
strategies were given to evaluate the required time step size when contact and friction are occurring. The
efficiency of the proposed approach was demonstrated by realistic numerical examples that demonstrate the
coupling between contact and friction forces and the overall dynamic response of the system.
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Figure 1: Configuration of the planar clearance joint.
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Figure 6: Relative tangential velocity at the spherical joint for case 2.
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Figure 7: Friction force at the spherical joint for case 2.
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Figure 8: Beam root forces at point O. Case 1: dashed line; case 2: solid line. Force component F2: ♢, F3:
◦
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Figure 9: Link mid-span forces. Case 1: dashed line; case 2: solid line.
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Figure 10: Time step size used in the simulation for case 2.
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Figure 12: Time history of the angular velocity of the shaft. The dashed lines indicate the unstable zone of
operation: Ω ∈ [44.069, 44.453] rad/s.
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Figure 13: Trajectory of the shaft mid-span point M. For 0 < t < 0.875 s: solid line; for 0.875 < t < 1.065
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Figure 14: Time history of the normal contact force for the spatial clearance joint at point T.
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Figure 15: Time history of root bending moments in the shaft at point R.
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